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The Cahn-Hilliard equation was originally introduced to describe phase separation of
the molten binary alloy which is rapidly quenched to lower temperature, and then extensively
applied to other fields such as Spinodal decomposition, Fickian diffusion, and two-phase
flow. Both the fourth and the nonlinear terms make the Cahn-Hilliard equation stiff and
difficult to solve numerically. In this paper, we study a so-called “large time-stepping
method”, recently proposed and investigated by several authors. Specially, we focus on the
impact of the stabilization term (called “A-term”) on the numerical solutions. The main
results of this work are as follow: Firstly, by using a energy estimation method, we establish
the well-posedness of the Cahn-Hilliard equation with periodic boundary conditions. This
is a generalization of an existing result for the Neumann boundary conditions. Secondly,
by combining the large time-stepping finite-difference in time and Fourier spectral method
in space, a series of numerical experiments is carried out to investigate the influence of
the A-term on the simulation results. Our numerical simulation show that the A-term,
although stabilize the calculations, has profound impact on the long term behavior of the
numerical solutions. Moreover, it is found that this influence depends on the diffusion
coefficient. Finally, in order to make evident of the influence of the A-term, an error esti-
mate for the first-order scheme is derived. A sufficient condition for convergence is provided.

























= ∆(−κ∆u+ f (u)), (x, t) ∈ Ω× (0,T ],
u(·, t)是以L为周期的函数, ∀t ∈ (0,T ],
u(x,0) = u0(x), x ∈ Ω,
(1-1)
其中
f (u) = u(u2−1), (1-2)
u0表示一个适当的初始值。
注意到在(1-2)中所给出的 f 是一个光滑函数的微分，该函数在u = ±1处取得整
体极小值0,即
f (u) = F
′









































































































































per的对偶空间。令QT = Ω × (0,T )， Lr(0,T ;Hqper(Ω)) = {u ∈
Hqper(Ω),
∫ T
0 ‖u‖rqdt < ∞}。
问 题(1-1)的 变 分 形 式 为： 寻 找u : Ω × R+ → R， 且u ∈
L∞(R+;L2(Ω))
⋂
L2(0,T );H2per(Ω))，满足 (∂tu,v)+(∇ f (u),∇v)+κ(∆u,∆v) = 0, ∀v ∈ H2per(Ω),∀t ∈ (0,T ).u(x,0) = u0 (2-1)
引理 2.1： [29]如果u(x, t)是方程(1-1)的一个解，则有如下的能量不等式成立















































































, ∀v ∈ H1(Ω). (2-7)
Nirenberg不等式
‖D jv‖Lp ≤C1‖Dmv‖aLr‖v‖1−aLq +C2‖v‖Lq, (2-8)
j
m








































f ′(u)∇u2dx = 0.
由 f (u)定义可知：


















|u|22dt ≤CT , ∀t ∈ (0,T ]. (2-11)
根据方程(1-1)质量守恒性质可知：∫
Ω
u0(x)dx = 0 =
∫
Ω
u(x, t)dt ∀t ∈ (0,T ]. (2-12)
由Sobolev’s嵌入定理，可知：
‖u‖Lq ≤CT , ∀q < ∞ . (2-13)
由Nirenberg不等式(2-8)，我们有：













‖u2∆u‖ ≤ ‖u‖2∞‖∆u‖ ≤CT‖∆2u‖
1

























‖∆u‖2 + γ‖∆2u‖2 =
∫
u





‖∆2u‖2dτ ≤CT , ∀t ∈ [0,T ]. (2-21)
























=−κ∆2un+1 +∆ f (un), n ≥ 0,
u0 = u0,
(3-1)



































































0‖v‖21, ∀v ∈ H1per(Ω),
‖v‖4L∞ ≤ c1‖v‖20(‖v‖20 +‖∆v‖20, ∀v ∈ H2per(Ω),
(3-7)
其中c0 and c1与Ω有关的正常数。
引理 3.3：令yn、dn、hn 、∆t 是非负数，并满足：
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